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INFLUENCE OF DISSIPATION ON THE PROPAGATION OF

The problem of the propagation of an

compressible

method of asymptotic expansions.

A SPHERICAL EXPLOSION SHOCK WAVE'

V.N. LIKHACHEV

explosion shock wave in a weakly
viscous medium at low Reynolds numbers is solved by the
The influence of non-linear terms in

the principal approximation is studied, and the law of wave amplitude

damping and

1. Formulation
symmetric motion of a
an

at

op

2

its profile are found.

of the problem. The system of equations that describes the spherically
compressible viscous fluid is /1/

_ od 1 ép 1 4 4 2 o 2z
Tig =T e T(“T“)(Tﬁ"’??“?) (1.1)
0 ~( oa 2
ra2 (2 +T")=0

retem gl S T R s )

where the bar refers to dimensional quantities, §, T
{, p, ¥ are the coefficients of shift, spatial viscosity, and thermal conductivity.

temperature,

Knowing the internal energy as a function of p and §
These relations close system (1.1).

T @, 5).

are the entropy per unit mass and the

we can find the dependences J (f, 5§) and

The action of the explosion products on a fluid is modelled by a piston, moving according
to the law Z = @ (), where § (0) = z,, § (0) = U, (U, is the shock initial velocity).

We will introduce the dimensionless variables

—_PF
polo? '
where p, and T, are the density and temperature of the undisturbed medium.
The medium is assumed to be weakly compressible. We will introduce the
e = (da/op),*
ensuring small density disturbances: p =1 4 ep.
principal approximation as the dimensionless pressure /2/.

z __ B0, _
t=—4, t=— T=—5",

173
U=+
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()

?l|'on

small parameter

in the undisturbed medium, and solve the problem in the range of parameters
For inviscid flow, p is the same in the

We shall seek the principal term of the expansion of the solution with respect to the

small parameter e.
approximations, we obtain the system

Neglecting terms in (1.1) that are obviously taken into account in later

du du_ ap as ) as 0( 9% 2 ou 2u
5 T4 = T o (63 b T\ t T & —7) (1.2)
dp ap du 2u
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The initial conditions are homogeneous, and the boundary condition is: z = ¢ (t), u =
o' (2).

Since we shall be considering small density disturbances, let us say something about the
acoustic approach to this problem, developed in /3/, where the impulse evolution is studied
in the light of non-linearity, non-equilibrium, and dissipation, including the joint action
of viscosity and heat conduction. The initial profile of the shock wave (SW) is obtained
experimentally as a known exponential function /4/. 1In addition, the assumption is made that
one of the Riemann invariants vanishes: j —¢p,é =0(% is the velocity of sound in the un-
disturbed medium). The basis for this approach is the small influence of viscosity on lengths
of the order of the wave width, i.e., the inviscid flow is refined for large Reynolds numbers;
this is important at large distances.

When obtaining the fundamental equation used in non-linear acoustics, the following is
assumed /5/: 1) the disturbances are small for all parameters, in particular, the entropy,
which varies as a result of heat conduction (the non-linear terms in the last of Eqgs.(1.2)
are thrown out; 2) a special form of the equation of state is used; 3) we take j = fyfyii.

With these assumptions, system (1.2) can be reduced to a single equation.

It was shown in /2/ that, for an inviscid medium, the third condition does not hold in
certain zones, notably in the zone of short times, when the SW profile is being built up.

It is also shown in /2/ that, when there is no viscesity and heat conduction, analytic solution
of the above problem gives precisely an exponential profile, while the third condition holds

in the SW zone. Non-linear effects are studied in /6, 7/, The third condition holds for
inviscid flow everywhere, only in the case of plane symmetry both for the shockless moticn

of the piston /8/ and in the presence of SW /2/.

Thus the acoustic approach is justified for a narrow zone around the SW, where the
gradient of the disturbances is much greater than in the remaining zone, and does not provide
a solution of the problem of the formation of an SW profile, or in the zone around the piston.
In the present paper none of the three assumptions is made, nor are they valid in certain
domains.

Our last remark concerns the range in which the theory is applicable. We know that,
when the detonation wave leaves the contact surface, the pressure in the fluid depends, not
on the absolute size of the charge, but only on the rate of detonation, i.e., on the power
of the explosive material (EM) /9/. Hence the range in which asymptotic and acoustic theory
are applicable is determined by the power of the EM, and not by the absolute size of the
charge. An analytic solution /2, 10/ shows that the profiles of spherical SW for an inviscid
and thermally non-conducting medium are similar with different absolute sizes of the same EM.
A condensed EM of the trotyl type give, on the interface with water, pressures of the order
of tens of thousands of atmospheres, at which the assumption of weak compressibility are
invalid.

Below, we consider the case when the viscosity is significant in the principal approx-
imation. This happens when

a1® = ez, o = aﬂg—‘/z, ol == e, Qjy O~ 1

2. Solution in the short-time zone. This zone is determined by the scales of the
variables: z~1, t=1"~¢h, p=peh~er, y~1,s~1,T~1
In the principal approximation we obtain the system of equations

2 2
et B e
ap° du 2u
ot t 7 =0
as 1 du 2u \2 du \2 2ul
=7l + 5 +al(e) + =}
T, s)=T1 +e"p’%s)=T1,8) =T(s)

The initial conditions are zero, and the boundary condition is ¢ (ve"s) = 1, U (ve'/s) = 1,
i.e., u(i,'r:)=1.

The first two equations will be solved independently of the third, and then the entropy
is found.

We make the Laplace transformation

V= u( s)ewdr, P(z,a)= §° P° (%, z) e dt

We find V from (2.1) in the light of the initial conditions, the solution damping
condition as z-— + oo, Real a >> 0, and the boundary condition; then we obtain P from the
second equation of the system.

putting 0 = aa and making a Laplace inversion, we obtain
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2nix

u= g § (14 2V ) 119, 2,7, a) a0 (2.2)
T

" el ¢ f1(8,2,7,a)d0 —
p:p“e /::mg—l/—1+—e—-, fi=

1 - eX _B_T__z_—i)]
8T VILo p[“( Vite

where I' is a vertical contour in the complex plane of 0 = 0, + i02, located to the right
of all singular points of the integrand. We indicate the branch of the root in (2.2): the
solution is damped as z— -+ oo if the branch of the root is defined by the cut along the
semi-axis 8¢ = 0, — oo << O << —1, and the condition arg (1 4 0! 4+ i %) = x/2.

The formally constructed solution (2.2) satisfies the equations, and the boundarv and
initial conditions.

It can be shown that, if the expressions for p°® and u can be differentiated under the
integral sign the required number of times, they will satisfy system (2.1). The uniform
convergence of all the integrals encountered when checking the conditions with ¢ >0,z>1+4
A (A>0), which ensures in particlar differentiation under the integral sign, follows from

the bound
_9_ z—1 {f—=z
x|~ () | < ()

where 4, is independent of z and T.
We will check that the boundary condition holds for the velocity. By the uniform
convergence of the integral,

1 1 0 i
u(l - — [t ——— | |d0=1
wiha = 2m§9°”"[°=(’ 1f1+e)]

We will check that the initial conditions hold. By the uniform convergence, we can pass
to the limit under the integral sign as t—0:

"(10)=-—1—~S—1‘°XP[ ez—”] 8 = 5r lim —Lex[ 2D ]de
i ) VTto 2mM4§e Pl ayTre

(the contour Ty {6 = Me™, —n/2 <P w/2} is shown in Fig.l).
For the integral along Iy we obtain the bound

A8
1 8 (z /2 [ VHM(=z—1) xp]
—_ ——— | d 2 exp| — ——— c08 5~ d\b|<
. o el teesal<e | e[ et
o 1f [ ]/M(z—i)]
4 2nexp | — ———7—
8y ﬂ&rb 94 % a‘lfz
—0
-1 / e since cosy/2 > 11/ 2. For z>1, M—> + o, we obtain uf{z,0) =0
° NED (at z=1, t=0 a discontinuity). The initial condition is
63 G checked in the same way for the pressure.
Note that, in this statement, in the zone of short times,
for the case of cylindrical symmetry and an inviscid medium,
Laplace inversion leads to divergent integrals (even in the
Fig.l sense of the principal value).
2. Construction of the solution for £~ 1. The scales of the variables in the

zone round the piston are: z ~ 1,u~ 1. 1In the principal approximation, the equation of
continuity gives an incompressible fluid, for whose velocity we obtain u = C (t)/2%, C (t) =

¢’ (¢) 9% (¢). Depending on the properties of the medium, i.e., on the functions o (p, s), T (g, 8), the
principal terms in the equations of motion and energy can be varied. Let the conditions
d6/ds ~ 1, 0T/0s ~ 1 hold. Measuring the entropy from the entropy of the undisturbed state, we
write the energy equation as

3G G _ Bas aT (G)
5t e = e 0 ) + S [ 2HEL

G(s)=§T(s)ds

It is clear from thid that ‘G = G'e-":, G'~1. We obtain in the principal approximation
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aG' a aT 36
'T:-—!_ _“6“2 3 + x‘ bz [z oG 3.1:] 3.9
In the equation of motion, the viscous term vanishes. Noting that
05 05 _ 93 G
Ps or  9G Bz !
%oMﬁnp:ﬁﬂuw%,Mar%MLweMW
ap a5\ [ as \ 8
=+ ) =0 (3.2)
The pressure rises as a result of the entropy variation. Integrating Eq.(3.2), we obtain
i 33 (G
p=p‘e—'h=»S 349 4g=—0(1,6) + () (3.3)

The function g () will be found by union with the expansion describing the solution in
the next zone.

When % = (0, the solution of Eq.{(3.1l) can easily be found by the method of characteristics
in the parametric form

t
2 = [@*(t) + n], G"=6a,8ﬁ§’(—f3-’-£-‘i]—,, 0<n< oo (3.9
[1]

Let us construct the solution in the so-called wave zone, defined by the scales of the
variables: t~1, z=zg&~e"h p=per~eh u=us~e 3=3s8"~¢eh T ~1 Inthe principal
approximation, system (1.2) takes the form

€

=" m w e T =0 (3.5)
Forln () =) )

The system splits up, and the entropy increases weakly due to viscosity. The general
solution of system {3.5) is

au ap, ap, du 2u

B (—z,41) Fy (z,4-1)
pe: ! .‘t‘ + 2 IeT (3.6)
_ FR—z,4t | R+ | F—z+b P+
o= ‘res zt’ %y - %y

In the zone about the line z — { == fe~s, this solution cannot be combined with the solution
for short times, so that another expansion has to be sought there. The arbitrary functions
in (3.6) can be found only from the union, so that the boundary conditions for system (3.5)
have to be replaced.

Let us construct the solution in the zone given by the scales: § == g% (z — te~Vr — 1} ~ 1,
t~14, p=28py, ~8, u=e"du,~ehd, zeit=1, x, = ze" ~ 1 (ord § < ord 1). The system in the
principal approximation in the new coordinates is {the second-order terms have to be retained
in order to find the principal approximation correctly)

du ap, du, do ds
—- __5?::.8-/. S €+ a2 ( = )p___E__E‘ @7
g'le + __. £ - .._%;2.3‘/5 + e =0

_as 3, ,fmapz au‘,)a
e+ e =T %

It is clear from the last equation of (3.7) that s~ £78%, i.e., the entropy term in
the first equation of (3.7) has to be discarded in the principal approximation, while in the
shock wave zone, the entropy increases only as a result of the viscosity.

The principal parts of the first and second equations of (3.7) are the same. Subtracting
the first equation from the second, we obtain in the principal approximation

u ap 6p [
—r 32 ” 9 — v :
R + - ’*f" o 70 (3 8)

The zone considered departs to infinity, where p, = u, = 0. Hence it follows from the
first equation of (3.8) that the corresponding Riemann acoustic invariant vanishes: u, — p, = 0.

In the light of this, the second equation leads to the usual equation of heat conduction
for the function u4t. Its only solution which confines with the solution for short times
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is the fundamental soluticn
N E2
thof == Pol == OXP (— 2) (.9

The constants §, ¥ will be found from the union.

4, Intermediate asymptotic forms and union. The intermediate zone between
t~ ¢ and £~1 can be found using stretched time f, =i~ 1, i.e., is characterized by
times ¢~ &'e

Let us find the intermediate asymptotic form for the pressure in the initial zone. In
the intermediate zone

u 2 0 exp (e eait,f (B, A)

JR T V-~ P *

p=pe 2niz lslfi.q_e(e_f.a]fﬁ_"é) a0 4.1)
A —1

f(e,x)-..—e(i-— Vite ) h=3

The asymptotic behaviour of (4.1) can be found by the saddle-point method for fixed A. The
saddle points are found from the condition 9f/88 = 0, which gives a cubic equation, and we
£ind by Cardano's formula

D
51=—1+%+01+Dz: 92,s=—i+—g—”£}j§j—‘ii

12ty
Dy = (—q/2 — Q¥ Dy = (—q/2 4 Q)

A, A2 S
9= — g (A* - 362 - 216), Q= =7 V9 4 /3
The first singular point of the integrand is 8, = —1, while the second is given by the

condition —8/e = Y1 +0. Squaring both sides, we obtain a quadratic equation for 0. Noting
the above choice of the branch of the root 1 4+ 6, we discard one root. As a result we find
the second singular point 65 = (& ~ a} a? + 4)/2 < 0.

The mutual disposition of the saddle and singular points is shown in Fig.l. We have
6, 05,0, are real, and 6,, 8; are complex conjugates; it can be shown that —g/2 —@>0,D, >
0, Dy > 0, D, < Dy, Real8; > Real 8 5; the point §; is to the left of all the other points.

When finding the asymptotic forms in the problem, we can confine ocurselves to passage
through just the point 8,, without passing through 8, and 83;the deformed contour I, is shown
in Fig.l. The saddle direction at the point ; is given by

iy f % I ESAL
k() _( 202 )xle‘_ 4(14 8"

Obviously, k(A >0, so that the saddle direction at, is vertical.
Depending on A one of the conditions: 0,> 0;, 0, <0 0, =0,, can hold. In the first
case only the saddle point makes a contribution to the asymptotic form:

_ e TTa exple " arttf (8 (W)
Py = —3 V 2k (Mte YT 0,81+ /16y 2

In the second case, on deformation, the contour covers the singular point ¥, and we
have to add to the right-hand side of (4.2} the residue at this point, equal to

e exp [e 003, f (65)] ©)= 20 — ool -4
€ Vitoe®y 2@ —~ay 1+ 8

In the third case the saddle point merges completely with the pole of the integrand. This

res (85) ==

corresponds to a certain A,. To find the asymptotic form in this case, we have to deform
the contour T,, replacing it by the contour T34 T, 4 TI: (see Fig.l), where T,: {8 =86, + 8,2,
b0 < o0}, Tgi {0 =05 4 8%, ~— o0 <02 —b}, Iy {8 =05+ be'¥, — /2 P < /2}, bl

By using the localization principle for integrals of the type considered /11/ and letting
b - 0, it can be shown that the asymptotic form of the integral (4.1) is

8"/:

Pr s VT 8e 0

exp [e=so ™t o f (05)] (4.3)

We find the asymptotic form in the neighbourhood of A;. We use the results of /1l/ for
the case when the saddle point is close to the pole. We obtain
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e exp [¢7 a1t f (85)] {
= * 01 (M) —05)2 > 4.4
Px 9z 1[1—1‘—95 2 (8;) exp [ 1( ) 5] X ( )

ﬂ%s;e_/_}{1 —erf [(e1 () — 85) V@]}

Let us show that (4.4) gives an asymptotic form for the pressure which is everywhere
suitable if 0, 0;, if we replace 0,(A) =0; by 6, (}).
Using the asymptotic form (1 — erf z) ¢ ~ z“1]/:rt when z>>1, we rewrite (4.4) as

e exp [e a1t f (8; (A)] ¢ { [ tok (M) e/ ]}
Px sV Vis0e®) X 0Sexp T|t4 O:1(N) e,,)]/ 5 T (4.5)

When 0, > 0;, (4.5) becomes (4.2). With 8, = 05, the integral in (4.5) is considered
and we obtain asymptotic form (4.3). With 0, << 0;, (4.5) gives the same asymptotic form (4.2)
without taking account of the residue. 1In this case, however, the contribution of the saddle
point is small compared with that of the pole. For, it can be shown that the function 6, (A)
is increasing, while at the saddle point we have
df (8 (M), M) 0 (M)

dh T VTTem

Hence it is clear that 0, =0 is the maximum point of f(8, (A), A), while with 6, <<0; <<
0 the function is increasing and f (8, A) <<f (85 As). Hence the contribution of the saddle
point is small.

The function f (8, A(0,)) <<0 for all 6, +#0,7(0, A(0)) =0, A(0) =1. In the intermediate
zone, therefore, the asymptotic form of the pressure p® is everywhere exponentially small,
except for the zone around A = 1. This zone corresponds to 0,>8,, i.e., to asymptotic form
(4.2), whence it is clear that the zone of values of p, which are not exponentially small is
given by the condition f(6,(A),A)~ e'. In this zone we have the expansion 6, (A) =A—1+ ...,
f=—(M —1)2+ ... Finally, in the zone about A =1 we obtain the asymptotic form of
the pressure (2.2) as

E—’/l t;./’

- —lz—=)eh —t,2
b= """{ Zat, }

Hence it can be seen that the union of pressures (3.9) and (2.2) occurs when 8 = g,

N =1/Y2na. It can be shown that the union of velocities (3.9) and (2.2) gives the same
result.

The union of (3.9) and (3.6) gives the condition p,=—.u, for z, =1t Hence F, =0. The
union of velocity (3.6) and thevelocity around the piston u'= C/z? gives the relation F; (f) =
C (¢).

To find g(t) in (3.3), we unite the pressure (3.3) and the pressure (3.6). The inter-
mediate coordinates are ¢t~ 1, z =z, ~ e, From (3.4) (for x =0) we obtain in the
principal approximation: n ~ &, G ~ &. The asymptotic form of the pressure (3.3) is

Pr=egt) —al, o1, G) ~G~e.

The asymptotic form of the pressure (3.6) is p, = &%«C’(t)/z,. Hence it follows that
g =0. To perform the union when « % 0, we have to study the properties of the solution
of Eq.(3.1).

We write the component expansions, suitable everywhere for ¢ ~ 1:

u

_C(— ze'ls + 1) C'(— ze'l +t) elegs —(z—1— te"/')’e'/'
- z? + z + V 2na exp [ 2to ]

p

__C (==l 4y g Veg=s [ —(x— 1 4-te s
=——a—-6G+ Vo X Sta ]

The pressure ¢ = ¢ (1 + ep, s).

5. Determination of the dynamic characteristics of the flow at a piston.
The solution obtained enables us to find simple time dependences of the pressure and stress
at the piston when ¢ ~ g%, Noting that the internal energy in our medium depends weakly on
the entropy when s~ 1, we can put ¢ = p in the principal approximation in the initial zone.
With £ =1 the integrals in (2.2) can be evaluated by means of residues. For the pressure
¢, and the radial and angular components of the stress tensor at the piston, we obtain
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¢ = e et/
VI+82(8)
- 1 — 20y 1F86,
Oy == — g~ [4,1 _______ere./a]
* RPTCRY Vs
» 1 202/ 1T+ 6 1 o ]
= /e — T0y/ 0t
To=¢ [2“+ 70 (2“"'" 8 vire. )e

In Fig.2 we plot curves g'g (a), e%0y (), &%0¢ (@) at the initial instant v =0 (curves
1—3 respectively). With @ >>2, the curves are well described by the asymptotic forms
eg, = —4o, €710, = 20. As @ increases, the initial pressure tends to zero as 2/a, but the
stresses increase rapidly due to the viscous components.

It is interesting that exponential decay is obtained for the pressure at the piston as
T increases for any a. For the stresses, exponential decay occurs only for small a.
The dimensionless decay constant b = —a/8;, relative to &%, is shown by curve 4 of Fig.2.
It was confirmed theoretically in /2/ that the peak approximation for an inviscid fluid in
the case of spherical symmetry gives the pressure at the piston falling exponentially with
time, the theoretical value of the decay constant being equal to unity. It is easily seen
that, in the viscous medium, b(a)—>1 as a—>0.

It can be seen from Fig.2 that the angular component of the stress tensor 09 at the
initial instant is positive roughly for a > 0.5.

Through passage to the limit as «— 00 is impossible in our solution in the zone of the
forming SW, in the short time zone t ~ &'+ we can pass to the limit in (2.2) as v~ 1, a~— 0.
This gives

z - u=p8x/.=-211—[1—erf((x_1)]/2%)] .1)
7 It is clear from this that the viscosity must be taken into account
£ 7 in the principal approximation when ¢ ~ g"ia¢ (with these times, solution
Y (2.2) must be used) and in the SW zones (A — 1) YV %/2a ~ 1. The viscous
a5 |1« profile of SW, constructed in the present paper, is important for 7z, ~
_ QMEJTO, For instance, for water with U, ~ 10 m/sec., this corresponds
to Z, ~ 1077 m. With %4> {(psU,) the profile, valid for an inviscid
Z medium /2/, is obtained. The effect of viscosity makes itself felt here
-Z N by the jump being smeared in the form of the boundary layer function
(5.1).
\\\ 6. Conclusions. our solution shows that, for small Reynolds

numbers, Re =1/a® ~ g%, an SW profile is formed from the impact which
Fig.2 is different from the profile in an inviscid fluid. The profile
immediately transforms into a Gaussian profile, whose width increases as
the square root of the time. The amplitude of the spherical SW falls in inverse proportion
to t¥+, as distinct from the inviscid SW, where the fall is inversely proprotional to the
time. In the SW zone the disturbances are one order larger than in the wave zone.

The solution in the SW zone is described by a parabolic equation, and in the wave zone,
by a hyperbolic system. The characteristics of this system are subcharacteristics of system
(1.1) for the problem /12/. The boundary layer appears on the front characteristic of the
linearized inviscid flow. Notice that our solution describes, not the usual viscous boundary
layer resulting as Re — oo, but the boundary layer arising as a result of the weak compress-
ibility of the medium when Re <<1.

As distinct from the SW profile in an ideal fluid, the geometric similarity of the sSW
profile in a viscous medium is destroyed as a result of the extra dependence on the Reynolds
number .

In the neighbourhood of the contact boundary, as a result of the viscous components of
the stress tensor at short times the continuity of the medium can be destroyed, since positive
stresses can arise.

At short times, the pressure on the contact boundary falls exponentially with time, as
in an inviscid medium, i.e., the peak approximation alsoc holds for a strongly viscous medium
in the case of spherical symmetry.
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ON LAMINAR PRESEPARATION FLOW'

E.V. BOGDANOVA and 0O.S. RYZHOV

The boundary layer of an incompressible fluid in the domain ahead of the
departure of the free streamline from the surface of a smooth body or a
break-point of its generator, is considered. The potential of the external
irrotational velocity field is taken from the theory of jet flows. It is
assumed with respect to the initial value of the surface friction that its
order can vary over a wide range, while remaining finite, or taking
extremely large values. The boundary layer in the preseparation domain
always admits of a unified mathematical treatment, in which the initial
surface friction plays the role of a parameter.

1. External potential flow. For measuring both the independent and the required
quantities we take a system of units in which the basis quantities are the radius of curvature
of the body generator at the point of separation, the velocity of the external potential flow
at this point, and the fluid density. Changing to dimensionless variables, we direct the s
axis of the curvilinear orthogonal system of coordinates along the body generator, and the n
axis along the normal to it. Let u’, V' be the components of the disturbing velocity vector, and p’
the excess pressure in the external potential flow domain. In accordance with the linearized
form of the Bernoulli integral, u'= —p’, while the complex velocity is — (p’ + i'). By the
theory of jet flows of an ideal incompressible fluid, we know that, in the neighbourhood of
the departure point of the free stréeamline from the body /1/

P+ =ibyzh iy ..., z=s-tin (1.1)
When argz— 0, the pressure p'— 0, whereas
V==bysr 4 bysh ... (1.2)
If argz— =m, then v — 0, while
P — by, (— &)t + by (— 8 ... (1.3)

In accordance with (1.2), the equation of the free streamline is

n =2 by byt (1.4)
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